INTRODUCTION
It is a great honor to me that you have invited me from Canada to be the introductory speaker in this Symposium. It does not make my task easier that I am welt aware of the fact that I am going to address what probably is the most select and competent group of investigators engaged in problems of quantitative metabolism. Our program announces a large number of experimental papers which certainly will make important contributions to the topic. The task of the introductory speaker, it appears to me, is to outline the conceptual framework of the field -its leading ideas, theories or -as I would prefer to say -the conceptual constructs or models applied.
According to widespread opinion, there is a fundamental distinction between "observed facts" on the one hand -which are the unquestionable to& bottom of science and should be collected in the greatest possible number and printed in scientific journals -and "mere theory" on the other hand, which is the product of speculation and more or less suspect. I think the first point I should emphasize is that such antithesis does not exist. As a matter of fact, when you take supposedly simple data in our field -say, determination of Qo-p, basal metabolic rates or temperature coefficientsit would take hours to unravel the enormous amount of theoretical presuppositions which are necessary to form these concepts, to arrange suitable experimental designs, to create machines doing the 5ob -and this all is implied in your supposedly raw data of observation, if you have obtained a series of such values, the most "empirical" thing you can do is to present them in a table of mean values and standard deviations. This presupposes the model of a binomial distribution -and with this, the whole theory of probability, a profound and to a large extent unsolved problem of mathematics, philosophy and even metaphysics. If you are lucky, your data can be plotted in a simple fashion, obtaining the graph of a straight line. But considering the unconceivable complexity of processes even in a simple cell, it is little short of a miracle that the simplest possible model -namely, a linear equation between two variablesactually applies in quite a number of cases.
Thus even supposedly unadulterated facts of observation already are interfused with all sorts of conceptual pictures, model concepts, theories or whatever expression you choose. The choice is not whether to remain in the field of data or to theorize; the choice is only between models that are more or less abstract, generalized, near or more remote from direct observation, more or less suitable to represent observed phenomena.
On the other hand, one should not take scientific models too seriously. KI~OEBEiV (1952) , the great American anthropologist, once made a learned study of ladies' fashions. You know, sometimes skirts go down until impeding the lady in walking; again, up they go to the other possible extreme. Quantitative analysis revealed to Kv, orBEe, a secular trend as well as short-period fluctuations in the length of ladies' skirts. This is a perfectly good little law of nature; however, it has little to do with the ultimate reality of nature. I believe a certain amount of intellectual humility, lack of dogmatism, and good humor may go a long way to facilitate otherwise embittered debates about scientific theories and models.
It is in this vein that I am going to discuss four models which are rather fundamental in the field of quantitative metabolism and, no doubt, will reappear in special investigations about which we are going to hear. The models I chose are those of the organism as open system and steady state; of homeostasis; of allometry; and the socalled BrRTALANrrY model of growth. This is not to say that these models are the most important ones in our field; but they are used rather widely and can illustrate the conceptual framework as well as others can do.
OPEN SYSTEMS AND STEADY STATES
Any modern investigation of metabolism and growth has to take into account that the living organism as weII as its components are so-called open systems, that is, systems maintaining themselves in a continuous exchange of matter with environment ( Fig. 1) . The essential point is that open systems are beyond the limits of conventional physical chemistry in its two main branches, kinetics and thermodynamics. In other terms, conventional kinetics and thermodynamics are not applicable to many pro-cesses in the living organism: For biophysics -the application of physics to the living organism -an expansion of theory is necessary.
The living cell and organism is not a static pattern or machine-like structure consisting of more or less permanent "building materials" in which "energy-yielding materials" from nutrition are broken down to provide the energy requirements for are broken down and regenerated. But this continuous decay and synthesis is so regulated that the cell and organism are maintained approximately constant in a so-called steady state (Flie~gleicbgewicht, YON BERTALANFFY) . This is the fundamental mystery of living systems; all other characteristics such as metabolism, growth, development, self-regulation, reproduction, stimulus-response, autonomous activity, etc. are ultimately consequenceg of this basic fact. The organism's being an "open system" is now a&nowledged as one of the most fundamental criteria of living systems, at least so far as German science is concerned (e. g. VON BERTALANFFY 1941 , ZEIGER 1955 , BUTE-NANDT 1955 ). Before going further, I wish to apologize to the German colleagues for dwelling on matters which are familiar to them, and which I myself have ofken presented. As DOST (1962a) stated in a recent paper, "our sons already in their premedical examination take account of this matter", that is, of the theory of open systems in their kinetic and thermodynamic formulations. Remember -to quote but two examplesthe presentation of the topic by BLASlUS (1962) stry (1959) . I am sorry to say that the same does not apply to biophysics and physiology in the United States. I have looked in vain into leading American texts even to find the terms, "open system", "steady state" and "irreversible thermodynamics". That is to say, precisely that criterion which fundamentally distinguishes living systems from conventional inorganic ones, is generally ignored or bypassed. Consideration of the living organism as an open system exchanging matter with environment, comprises two questions: first, their statics, that is, maintenance of the system in a time-independent state; secondly, their dynamics, that is, changes of the system in time. The problem can be considered from the viewpoints of kinetics and of thermodynamics.
Detailed discussion of the theory of open systems can be found in the literature (extensive bibliographies in YON B~I~TALANFFY t953, 1960) . So I shall restrict myself to saying that such systems have remarkable features of which I will mention only a few. One fundamental difference is that closed systems must eventually attain a time-independent state of chemical and thermodynamic equilibrium; in contrast, open systems m a y attain, under certain conditions, a time-independent state which is called a steady state or in German, Flieflgleichgewicht, using a term which I introduced some twenty years ago. In the steady state, the composition of the system remains constant in spite of continuous exchange of components. Steady states or "Fliei~gleichgewichte" are equifinal (Fig. 2) ; that is, the same time-independent state may be reached from different initial conditions and in different ways -much in contrast to conventional physical systems where the equilibrium state is determined by the initial conditions. Thus even the simplest open reaction systems show that characteristic which defines biological restitution, regeneration, etc. Furthermore, classical thermodynamics, by definition, is only concerned with closed systems, which do not exchange matter with environment. In order to deal with open systems, an expansion and generalization was necessary which is known as irreversible thermodynamics. One of its consequences is elucidation of an old vitalistic puzzle. According to the second principle of thermodynamics, the general direction of physical events is towards states of maximum entropy, probability and molecular disorder, levelling down existing differentiations. In contrast and "violent contradiction" to the second principle (ADAMS 1920) , living organisms maintain themselves in a fantastically improbable state, preserve their order in spite of continuous irreversible processes and even proceed, in embryonic development and evolution, toward ever higher differentiations. This apparent riddle disappears by the consideration that the classic second principle by definition pertains only to closed systems. In open systems with intake of matter rich in high energy, maintenance of a high degree of order and even advancement toward higher order is thermodynamically permitted.
Living systems are maintained in a more or less rapid exchange, degeneration and regeneration, catabolism and anabolism of their components. The living organism is a (Tables i-3 ). This is a good illustration for the Heraclitean flow in and by which the living organism is maintained. (Fig. 3) . In other terms: If we find Models of open systems in order to analyze characteristic phenomena and to permit numerical calculation were developed as hydrodynamic analogs by BU~TON (1939) , GARAVAGLIA et al. (1958) and RESCIGNO (1960) ; more recently as electronic analogs by ZeV, BST (1963a, b) . The relations of the second principle to organismic "'anamorphosis" (increase in structure and organization) were discussed by HAAse (1951, 1957, 1959) , JuNo (1956) and MOI~CHIO (1959) . Calculation of turnover rates from isotope determinations are based upon open-system models (SvRINSON & Rn'TENBERt 1949 , REINER 1953 . So are, in a different way, calculations of cell turnover from colchicine experiments (survey: F. D. BERTALANFFY & [LAu 1962 ). This also permits calculation of energy requirements for protein synthesis (ScHuLZ 1950) and for the maintenance of the organism in a steady state (ScHt3LZ 1950 , VON BERTALANFFY 1953 . Applications to cell metabolism and steady states in cells are found in LETTR~ (1951) , NETTER (1953 NETTER ( , 1959 , HESS (1963) , HESS & CHANCE (1959) ; the latter especially studying the system of respiratory enzymes. Similar considerations were applied and, naturally, similar conclusions obtained in investigation of the network of reactions in photosynthesis (BRADLEY • CALVIN 1956) . The levels of concentrations of natural and alien components in the blood were investigated by DosT (1953 DosT ( , 1958 DosT ( , 1958 DosT ( /1959 DosT ( , 1962a by application of open systems models. In the field of radiation biology, similar considerations apply to elimination of radon from the blood in radiumpoisoned subjects (MARVIN 1957a, b) . The hit theory of radiation effects, if the system is metabolizing, was studied by HuG & WOLF (1955) . Pharmacodynamic actions also are processes in open systems (WERNER 1947 , DRUCKREY & Kt~PFMOLLER 1949 . Thus a steadily increasing field of biochemical and physiological phenomena is subordinated to the new concepts.
This enumeration which is by no means complete, will show that the theory of the organism as an open system is a vividly developing field as it should be, considering the basic nature of biological "Flieggleichgewicht". The above examples are given because, after the basic investigations by SCHONHEIMER (1947) and his group into the "Dynamic State of Body Constituents" by way of isotope tracers, the field is strangely neglected in American biology which, under the influence of cybernetic concepts, rather has returned to the machine concept of the cell and organism; thereby neglecting the important principles offered by the theory of open systems. I would like especially to mention that the field offers many problems for further research which partly are of a fundamental nature.
One such question is that we do not have at present a thermodynamic characteristic which would characterize the steady state in open systems in a similar way as maximum entropy characterizes equilibrium in closed systems. For a time it was thought that minimum entropy production would provide such characteristic -a statement known as "PRmoGINE'S theorem". Since this is still taken for granted by some biologists (e. g. STOWARD 1962) it should be emphasized that PRIGOGINE'S theorem -as was well known to its author -only applies under very restrictive conditions and, in particular, does not apply to steady states of chemical reaction systems (DENBIGH 1952 , YON BERTALANFFY 1953 , Fos'rER et al. 1957 .
Another unsolved problem of very fundamental nature originates in a basic paradox of thermodynamics. EDDINGTON has called entropy "the arrow of time". As a matter of fact, it is the irreversibility of physical events -expressed by the entropy function -which gives time its direction. Without entropy, that is, in a universe of completely reversible processes, there would be no difference between past and future. Paradoxically, however, the entropy functions do not contain time explicitly -and this is true both of the classical entropy function for closed systems by CLAUSlt:S and the generalized function for open systems and irreversible thermodynamics by PR> GOGINE. Here is an obvious gap in physical theory -it should be possible to follow entropy changes in their development in time. The only attempt I know of in this important matter is a further generalization of irreversible thermodynamics undertaken by REIK (1953) .
A third problem which will have to be solved is the relation between irreversible thermodynamics and information theory. Order is the basic principle of organization and therefore the most fundamental problem of biology. In a way, order can be measured by negative entropy in the conventional BOLTZMANN sense. This has for example been shown by SCHULZ (1951) for the non-random arrangement of amino acids in a protein chain: their organization in contrast to hazard arrangement can be measured by "Kettenentropie" or chain entropy. However, there is a quite different measure of order, namely, in terms of yes-or-no decisions or so-called bits within the framework of information theory. It turns out that information is of the dimension of negative entropy, thus showing a formal correspondence between the two different theoretical systems of thermodynamics and of information theory. It would seem that elaboration of a dictionary, as it were, for translating from the language of thermodynamics into that of information theory and vice versa would be the next step. Obviously, generalized irreversible thermodynamics will have to be used for this purpose; for it is only in open systems that maintenance and elaboration of order does not run contrary to basic physical principles. It may be guessed that such developments will become important for fundamental biological problems. Protein synthesis has to be considered in terms of energy required for arranging building blo&s in a certain order. On the other hand, chromosomes and nucleic acids are considered as bearers of genetic information, and the DNA code for protein synthesis is at present in the process of being broken. Some synthesis of energetic and informational viewpoints will become a desideratum.
The problems mentioned, of course, transcend conventional physiology of metabolism. I have briefly listed them to show that the theory of open systems opens up new vistas in physics proper. That is to say, inclusion of phenomena in the living world is apt to lead to novel developments in the physical sciences -a consequence which is of high importance from the viewpoints both of science and philosophy. Let us get ha& now to physiology of metabolism and the theoretical models here applied.
FEEDBACK AND HOMEOSTASIS
Instead of the theory of open systems, another model construct is more familiar to the American s&ool. It is the concept of feedba& regulation, which is basic in cybernetics and was biologically formulated in Ct~NNON'S concept of homeostasis (e. g. WIENER 1948 , WAGNER 1954 , MITTELSTAEi)T 1954 , KMENT 1957 . We can give it here only a brief consideration.
As is generally known, the basic model is a circular process where part of the output is monitored ba&, as information on the preliminary outcome of the response, into the input (Fig. 4a ), thus making the system self-regulating; be it in the sense of maintenance of certain variables or of steering toward a desired goal. The first is the case, for example, in a simple thermostat and in the maintenance of constant temperature and many other parameters in the living organism; the second, in self-steering missiles (hypothetical Phenomena of regulation following the feedba& scheme are of widest distribution in all fieIds of physiology. Furthermore, the concept appeals to a time when control engineering and automation are flourishing, computers, servomechanisms, etc., are in the center of interest, and the model of the "organism as servomechanism" appeals to the "Zeitgeist" of a mechanized society. Thus the feedba& concept sometime has assumed monopoly supressing other, equally necessary and fruitful viewpoints: The feedback model is equated with "systems theory" in general (GRoDIN 1963 , JoNEs & GRAx 1963 , CASZY 1962 , or "biophysics" is nearly identified with "computer design and information theory" (EI~sAsseR 1958, p. 9) . It is therefore important to emphasize that feedback systems and "homeostatic" control are an important but special class of self-regulating systems and phenomena of adaptation (cf. yon B~RTALANFFY 1951 (cf. yon B~RTALANFFY , 1962 . The following appear to be the essential criteria of feedback control systems:
1. Regulation is based upon pre-established arrangements ("structures" in a broad sense). This is well expressed by the German term "RegeIme&anismen" which makes it clear that the systems envisaged are of the nature of "me&anisms" -in contrast to regulations of a "dynamic" nature resulting from free interplay of forces and mutual interaction between components and tending toward equilibrium or steady states.
2. Causal trains within the feedback system are linear and unidirectional. The basic feedback scheme (Fig. 4a) is still the classical stimulus-response (S-R) scheme, only the feedback loop being added so that causality becomes circular.
3. Typical feedback or homeostatic phenomena are "open" with respect to incoming information, but "closed" with respect to matter and energy. The concepts of information theory -particularly in the equivalence of information and negative entropy -therefore correspond to "closed" thermodynamics (thermostatics) rather than irreversible thermodynamics of open systems. However, the latter is presupposed if the system (like the living organism) is to be "self-organizing" (FoEI~STER & ZOVF 1962) , i. e. is to go toward higher differentiation. As was mentioned above, no synthesis is reached as yet. The cybernetic scheme permits, by way of block diagrams, clarification of many important phenomena of self-regulation in physiology and lends itself to information-theoretical analysis. The open-system scheme permits kinetic and thermodynamic analysis.
Comparison of flow diagrams of feedback (Fig. 4 ) and open systems ( Fig. 1 ) intuitively shows the difference. Thus dynamics in open systems and feedback mechanisms are two different model concepts, each in its right in its proper sphere. The opensystem model is basically non-mechanistic, and transcends not only conventional thermodynamics, but also one-way causality as is basic in conventional physical theory (cf. yon B~R~rALANFF~C 1962). The cybernetic approach retains the Cartesian machine model of the organism, unidirectional causality and closed systems; its novelty lies in the introduction of concepts transcending conventional physics, especially those of information theory. Ultimately, the pair is a modern expression of the ancient antithesis of "process" and "structure"; it will eventually have to be resolved dialectically in some new synthesis.
Physiologically speaking, the feedback model accounts for what may be called "secondary regulations" in metabolism and other fields, i. e. regulations by way of pre-established mechanisms and fixed pathways, as in neurohormonal control. Its mechanistic character makes it particularly applicable in the physiology of organs and organ systems. On the other hand, dynamic interplay of reactions in open systems applies to "primary regulations" such as in cell metabolism (of. H~ss & CHANCe 1959) where the more general and primitive open-system regulation obtains.
ALLOMETRY AND THE SURFACE RULE
Let us now proceed to the third model which is the so-called principle of allometry. As is well known, many phenomena of metabolism, and of biochemistry, morphogenesis, evolution, etc., follow a simple equation:
that is, if a variable y is plotted logarithmically against another variable x, a straight line results. There are so many cases where this equation applies that examples are unnecessary; certainly our symposium will present a number of applications. Let us therefore rather look at fundamentals. The so-called allometric equation is, in fact, the simplest possible law of relative growth, the term taken in the broadest sense; that is, increase of one variable, y, with respect to another variable x. We see this immediately by writing the equation in a somewhat different form:
As can easily be seen, the allornetric equation is a soIution of this function whi& states that the ratio of the relative increase of variable y to that of x is constant. We arrive at the allometric relation in a simple way by considering that any relative growth -only presupposed it is continuous -can generally be expressed by:
where F is some undefined function of the variables concerned. The simplest hypothesis is that F be a constant, a, and this is the principle of allometry. However, it is well-known that historically the principle of allometry came into physiology in a way very different from the derivation given. It appeared in a much more special form when SA~RUS and RaMEAU found around 1840 that metabolic rate in animals of different body weight does not increase in proportion to weight, but rather in proportion to surface. This is the. origin of the famous surface law of metabolism or law of Ru~Nm~, and it is worthwhile to take a look at Rm3N~'s original data of about 1880 (Table 4 ). In dogs of varying weight, metabolic rate decreases if calculated per unit of weight; it remains approximately constant per unit surface, with a daily rate of about 1000 kcal per square meter. As is well known, the so-called surface law has caused an enormous debate and literature. In fact, l~U13NER'S law is a very special case of the allometric function, y representing basal metabolic rate, x body weight, and the exponent a amounting to 2/3. I believe that the general derivation just mentioned puts the surface law into correct perspective. Endless discussions of some 80 years are overcome when we consider it a special case of allometry, and take the allometric equation for what it really is: a highly simplified, approximate formula which applies to an astonishingly broad range of phenomena, but is neither a dogma nor an explanation for everything. Then we shall expect all sorts of allometric relationships of metabolic measures and body size -with a certain preponderance of surface or 2/3-power functions, considering the fact that many metabolic processes are controlled by surfaces. This is precisely what we find (Table 5 ). In other words, 2/3 is not a magic number; nor is there anything sacred about the 3/4 power whi& more recently (Be, omc 1945, KLEIBeI~ 1961) has been Table 5 Equations relating quantitative properties with body weights among mammals.
(After ADOLPI~ 1949; modified) regression a =:= regression a = intake of water (ml/hr) .88 urine output (mi/hr)
.82 urea clearance (ml/hr)
.72 inulin clearance (mt/hr)
.77 creatinine clearance (ml/hr)
.69 diodrast clearance (ml/br)
.89 hippurate clearance (ml/hr)
.80 O2 consum, basal (ml STP/hr) .734 heartbeat duration (hr) .27 breath duration (hr) .28 ventilation rate (mt/hr) .74
tidal volume (ml) 1.01 gut beat duration (hr) .31 N total output (g/hr) .735 N endogenous output (g/hr)
.72 creatinine N output (g/hr)
.90 sutphur output (g/hr)
.74 02 consum, liver slices (ml STP/hr) .77 hemoglobin wt (g) .99
myoglobin wt (g) 1.31 cytochrome wt (g) .62 nephra number .62 diameter renal corp. (cm) .08 kidneys wt (g) .85 brain wt (g) .70 heart wt (g)
.98 lungs wt (g) .99 liver wt (g) .87 thyroids wt (g) .80 adrenals wt (g) .92 pituitary wt (g) .76 store. + intes, wt (g) .94 blood wt (g) .99
Surface law: a = .66 relatix, e to absolute weight (y = bw~); --.33 relative to unit weight( y = bw=) preferred to the classical surface law. Even the expression: "Gesetz der fortschreitenden Stoffwechselreduktion" (Le~MANN t956) --law of progressive reduction of metabolic rate -is not in place because there are metabolic processes which do not regress with increasing size. From this follows furthermore that the dependence of metabolic rates on body size is not invariable as was presupposed by the surface law. It rather can vary, and indeed does vary, especially as a function of (1) the organism or tissue in question; (2) physiological conditions; (3) experimental factors.
As to the variation of metabolic rate depending on the organism or tissue con-L.v. BERTALANFF¥ cerned, I shall later on give examples with respect to total metabolism. Differences in size dependance of Qo~ in various tissues are shown in Figure 5 . A similar example is presented in Table 6 with respect to comparison of intra-and interspecific allometries.
Variations of size-dependance of metabolic rate with physiological conditions are demonstrated by data obtained in our laboratory in an important aspect which has been little investigated. The size-dependence of metabolism as expressed in the allo- merry exponent a varies, depending on whether basal metabolic rate (B. M. R.), resting metabolism, or metabolism in muscular activity is measured. Figure 6 shows such variation in rats, comparing basal and non-basal metabolic rates. Figure 7 gives a more extensive comparison in mice, including different degrees of muscular activity. These data confirm LOCKER'S statement (1961a) that with increasing intensity of metabolic rate, a tends to decrease. Variations in the slope of the regression lines are also found in invertebrates when metabolic rates of fasting and non-fasting animals are compared (Fig. 8) . Variations of a with experimental conditions deserve much more attention than usually given. Often the attitude is taken as if Qo~ were a constant characteristic of the tissue under consideration. This is by no means the case. Variations appear, for example, with different bases of reference such as fresh weight, dry weight, N-content, etc. (LocKeR 1961b) . The simplest demonstration is change of the medium. Not onlyas every experimenter knows -does the absolute magnitude of Q02 vary greatly depending, for example, on whether saline or medium with metabolites is used; the same is true of size dependence or the parameter a (Fig. 9) . LOCK~e,'s rule, as mentioned previously, again is verified; its confirmations by the experiments summarized in Figures 6, 7 and 9 are particularly impressive because they were obtained independent of and prior to statement of the rule. The variation of Qo~ in different media indicates that different partial processes in respiration are measured. This is the reason why I doubt that total metabolism or B. M. R. can be obtained by so-called summated tissue respiration (MARTIN & FtmRMANN 1955) . Which Qo2 of the individual tissues should be summated? The Qoa as obtained, say, in RINGER solution or that obtained with metabolites which may be twice as high? How do the different a's of the various tissues add up to the 2/3 or 3/4 observed in ]3. M. R. of the entire animal? Similarly, LOCKER (1962) has shown that also the component processes of Qo2, such as carbohydrate and fat respiration, may have different regressions.
Before leaving this topic, I would like to make another remark on principle. We have to agree that the allometric equation is, at best, a simplified approximation. Nevertheless, it is more than a convenient way of plotting data. Notwithstanding its simplified character and mathematical shortcomings, the principle of allometry is an expression of the interdependence, organization and harmonization of physiological processes. Only because processes are harmonized, the organism remains alive and in a steady state. The fact that many processes follow simple allometry, indicates that this is a general rule of the harmonization of processes (ADOLPH 1949): "Since so many properties have been found to be adequately interrelated by equations of one form, it seems very unlikely that other properties would be related according to a radically different type of equation. For if they were, they would be imcompatible with the properties reviewed."
Furthermore, although we encounter a wide range of values of allometry constants, these certainly are not accidental. At least to a wide extent, they depend on biotechnical principles. It is a truism in engineering that any machine requires changes in proportion to remain functional if it is built in different size, for example, if a smallscale model is increased to the desired working size. To an extent, it can be understood why certain types of allometry, such as dependence on surface, body mass, etc., obtain in particular cases. The studies by GONTHER & GUERRA (t955) and GUERRA & GON--rHeR (1957) 
THEORY OF ANIMAL GROWTH
The last model I wish to discuss is the model of growth honorifically called the BERTALANFFY equations (YON BERTALANFFY 1957 ; basic ideas go ba& to the great German physiologist P/0TTEI~ (1920). Here, too, I am not primarily concerned with details or even the merits and shortcomings of the model; I rather wish to use it to make clear some principles in quantitative metabolism research.
We all know, firstly, that the process of growth is of utmost complexity; and secondly, that there is a large number of formulas on the market which claim satisfactorily to represent observed growth data and curves. The general procedure was that some more or less complex and more or less plausible equation was proposed. Then the investigator sat down to calculate a number of growth curves with that formula, and was satisfied if a sufficient approximation of empirical data was obtained.
Here is a first illusion we have to destroy. It is a mathematical rule of thumb that almost every curve can be approximated if three or more free parameters are permitted -that is, if an equation contains three or more so-called constants that cannot be verified otherwise. This is true quite irrespective of the particular form of the equation chosen; the simplest equation to be applied is a power series (y = a0 + aix + a2x 2 + •..) developed to, say, the cubic term. Such calculation is a mere mathematical exercise. Closer approximation can always be obtained by permitting further terms.
The consequence is that curve-fitting may be an indoor sport, and may be useful for purposes of interpolation and extrapolation. However, approximation of empirical data is not a verification of particular mathematicaI expressions used. We can speak of verification and of equations representing a theory only if (1) the parameters occuring can be confirmed by independent experiment; and if (2) predicitions of yet unobserved facts can be derived from the theory. It is in this sense that I am going to discuss the so-called BERTALANFFY growth equations because, to the best of my knowledge, they are the only ones in the field which try to meet the specifications just mentioned.
The argument is very simple. If an organism is an open system, its increase or growth rate (G. R.) may, quite generally, be expressed by a balance equation of the form: dw
that is, growth in weight is represented by the difference between processes of synthesis and degeneration of its building materials, plus any number of indeterminate factors that may influence the process. Without loss of generality, we may further assume that the terms are some undefined functions of the variables concerned:
Now we see immediately that time t should not enter into the equation. For at least some growth processes are equiflnal, that is, the same final values can be reached at different times (Fig. 2) . Even without strict mathematical proof, we see intuitively that this would not be possible if growth rate directly depends on time; for if this were the case, different growth rates could not occur at given times as is sometimes the case. Consequently, the terms envisaged will be functions of body mass present:
if we tentatively limit the consideration to the simplest open-system s&eme. The simplest assumption we can make is that the terms are power functions of body mass. And indeed, we know empirically that quite generally the size dependence of physiological processes can well be approximated by allometric expressions. Then we have:
where ~ and x are constants of anabolism and catabolism, respectively, corresponding to the general structure of allometric equations, Mathematical considerations show furthermore that smaller deviations of the exponent m from unity do not much influence the shape of the curves obtained. Thus, for further simplification let us put rn = 1. This makes things much easier mathematically, and appears to be justified physiologically, since physiological experiencelimited it is true -seems to show that catabolism of building materials, especially proteins, is roughly proportional to body mass present. Now let us make a big leap. Synthesis of building materials needs energy which, in aerobic animals, is provided by processes of ceil respiration and ultimately the ATP Many physiological processes in the rat shove discontinuities at about i00 gin. body weight, i. e. in the prepubertat stage (a). Such "cycle" also appears in metabolism (Fig. 6) , metabolic rates in animals under 100 gin. increasing more, and in animals above this size much less than would correspond to the surface rule. However, if regression is calcuIated over the whole weight range, a value near 2/3 results as gross average. Hence, in the calculation of the growth curve (a) two "cycles" separated at~-~ 100 gm. should appear, and (b) in first approximation, rat growth should be calculable with the equations of "Type system. Let us assume there are correlations between energy metabolism of an animal and its anabolic processes. This is plausible insofar as energy metabolism must, in one way or the other, provide the energies that are required for synthesis of body components. We therefore insert for size dependence of anabolism that of metabolic rates (n = a) and arrive at the simple equation:
Empirically, we find that resting metabolism of many animals is surface-dependent, that is, that they follow RUBN~R'S rule. In this case, we set a = 2/3. There are other animals where it is directly dependent on body mass, and then a = 1. Finally, cases are found where metabolic rate is in between surface and mass proportionality, that is 2/3 < a < 1. Let us tentatively refer to these differences in size-dependence of metabolic rate as "metabolic types". Now if we insert the different values for ce into our basic equation, we easily see that they yield very different curves of growth. Let us refer to them as "growth types". These are summarized in Table 7 ; corresponding graphs, showing the differences in metabolic behavior and concomitant differences of growth curves, are presented in Figure 10 . Detailed discussions of the theory have been given elsewhere. It has been shown that the above derivations apply in many cases; no less than fourteen different argmnents in verification of the theory can be presented (Table 8, Figs. 11, 12) . We shall limit the present discussion to a few remarks on principle. In the Guppy, growth in females and males shows considerable difference, the females reaching a multiple of body weight of the males. Data are logarithmically piotted according to the integral of Equation 8; the close fit shows that the growth curves are correctly reproduced. The growth equations so obtained give a ratio of 1 :I.5 for the anabolic constants F in females and males. According to theory, metabolic rates in females and males should stand in the same ratio, 1:1.5 as is actually found (Fig. 10, I ). (A~er YON BE~TALANFrY i938, 1960) AII parameters of the growth equations are verifiable experimentally, a, the size dependence of metabolic rate, determines the shape of the growth curve. This correlation has been confirmed in a wide range of cases, as seen in Table 7 . x, constant of catabolism, can in first approximation be identified with turnover of total protein (r) as determined by isotope tracers and other techniques. For example, from the growth curves catabolic rates of 0.045/day for the rat, and 1.165 g protein/kg body wt./day for man were calculated (vo~ B~TALANFFY 1938) . Determinations of protein catabolism then available did not agree with these predictions: protein loss determined by minimum N-excretion was 0.00282/day for the rat aPcer Trr, e, OINE, and some 0.4-0.6 g protein/kg body wt./day for man, according to the conceptions then prevailing in physiology (YON BrI~TALANSrY 1942, p. 180 f., 186-188) . It was therefore a striking confirmation of the theory when later on determinations using the isotope method (SPt~INSON & RI~rENBEI~C 1949, Table 2 ) yielded turnover rates of total protein (r) of 0.04/day for the rat, and of 1.3 g protein/kg body wt./day for man in an amazing agreement between predicted and experimental values. It may be noted in passing that an estimate of the turnover time of the human organism similar to that found in isotope experiments (r ~ 0.009, t ~ 110 days) can be obtained in different ways, e.g. also from calorie loss in starvation (t ~ 100 days: DosT 1962a). ~7, constant of anabolism, is dimensionally complex. It can, however, be checked by comparison of growth curves of related organisms: according to theory, the ratio of metabolic rates should correspond to the ratio of ~7's of the animals concerned. This also has been confirmed (Fig. 12) .
The theory, therefore, fulfills the first postulate indicated above, i. e. verification of calculated parameters in independent experiments. As has been shown elsewhere, it also fulfills the second postulate: Predictions from the theory were made which came as "surprises", that is, were unknown at the time, but later on confirmed.
Discussion of some typical objections is in place because it may contribute to better understanding of mathematical models in general.
_. 1. The main reproach against models and laws for physiological phenomena is that of "oversimplification". In a process such as animal growth there is, at the level of cells, a microcosm of innumerable processes of chemical and physical nature: all the reactions in intermediary metabolism as well as factors like cell permeability, diffusion, active transport and innumerable others. On the level of organs, each tissue behaves differently with respect to ceil renewal and growth; beside multiplication of cells, formation of intercellular substances is included. The organism as a whole changes in composition, with alterations of the content in protein, deposition of fat or simple intake of water; the specific weight of organs changes, not to speak of morphogenesis and differentiation which presently elude mathematical formulation. Isn't any simple model and formula a sort of rape of nature, pressing reality into a Procrustean bed and recklessly cutting off what doesn't fit into the mould? The answer is that science in general consists to a large extent of oversimplifications in the models it uses. These are an aspect of the idealization taking place in every law and model of sciem:e. Already GALILEO'S student, TORRICELLI, bluntly stated that if balls of stone, of metal, etc., don't £ollow the law, it's just too bad for them. BoHR's model of the atom was one of the most arbitrary simplifications ever conceived -but nevertheless became a cornerstone of modern physics. Oversimplifications progressively corrected in subsequent development are the most potent or indeed the only means toward conceptual mastery of nature. In our particular case it is not quite correct to speak of oversimplification. What is involved are rather balance equations over many complex and partly unknown processes. The legitimacy of such balance expressions is established by routine practice. For example, if we speak of B.M.R. -and are, in fact, able to establish quantitative relationships such as the "surface law" -it is balances we express which nevertheless are important both theoretically and practically (e. g. diagnostic use of B.M.R.). The regularities so observed cannot be refuted by "general considerations" of oversimplification, but only empirically and by offering better explanations. It would be easy to make the growth model seemingly more realistic and to L.v. Ber, TAI.ANFFY improve fitting of data, by introducing a few more parameters. However, the gain is spurious as long as these parameters cannot be checked experimentally; and for the reasons mentioned, a closer fit of data tells nothing about the merits of a particular formula if the number of "free constants" is increased.
2. Another question is the choice of parameters. It has been noted above that metabolic rate under basal and non-basal conditions changes not only in magnitude but also with respect to allometry expressing its relation to body size. What is the justification of taking "resting metabolism" as standard and to range various species into "metabolic" and "growth types" accordingly? The answer is that among available measures of metabolism -none of them ideal -resting metabolism appears to approach best those natural conditions which prevail during growth. The B.M.R. standard (i. e. thermoneutrality of environment, fasting and muscular rest) makes the values so determined a laboratory artifact because at least the first condition is unnatural; although it is most useful because B.M.R. values show the least dispersion. In cotd-blooded animals, B.M.R. cannot be used as standard because there is no condition of thermoneutrality, and the fasting condition o flcen cannot be exactly established. Activity metabolism, on the other hand, changes with the amount of muscular action (Fig. 7) ; and the growing animal is not under conditions of hard muscular work all the time. Hence resting metabolic rate is comparatively the best approximation to the natural state; and choice of this parameter leads to a useful theory.
3. The most important criticism becomes apparent from the above discussion. It was said that there appear to be so-called metabolic types and growth types and correlations between both. However, earlier it has been emphasized that the parameters implied, especially the relation of metabolic rate to body size expressed in the exponent a, can be altered and shii~ed with experimental conditions (Figs. 6-8) . Similarly, also growth curves are not fixed. Experiments on the rat have shown that the shape of the growth curve, including location and existence of a point of inflexion, can be changed by different nutrition (L. ZUCKER et al. 1941a , b, 1942 , T. F. ZucK~R et al. 1941 , DuNN et al. 1947 , MAY~r, 1948 . None of the characteristics is rigid -and, incidentally, within my own biological concepts, I would be the last to presuppose rigidity in the dynamic order of physiological processes. According to my whole biological outlook, I am rather committed to the ancient Heraclitean concept that what is permanent, is only the law and order of change.
However, the apparent contradiction can well be resolved when we remain faithful to the spirit of the theory. What is really invariable is the organization of processes expressed by certain relationships. This is what the theory states and experiments show, namely, that there are functional relationships between certain metabolic and growth parameters. This does not imply that the parameters themselves are unchangeable -and the experiment shows that they are not. Hence, without loss of generality, we may understand "metabolic" and "growth types" as ideal cases observable under certain conditions, rather than as rigid species characteristics. "Metabolic" and "growth types" appear in the respective groups of animals if certain standard conditions are met. However, it is clearly incorrect that "the reduction of metabolic rates is a fundamental magnitude, not changing in different external conditions" (L~-~,IANN 1956) . Under natural or experimental conditions~ the relationships c a n be shifLed, and then a corresponding alteration of growth curves should take place. There are indications that this is actually the case; it is a clear-cut problem for further investigation.
A case to the point are seasonal changes. Brr.o (1959 Brr.o ( , 1961 , while in general confir,ning previous data, found that the size-metabolism relation varies seasonally in snails: "Thus the relation, oxygen consumption to body size, is not a fixed, unchangeable quantity characteristic of all species as supposed by BrRTALANrFY ... If (BrRTALANrFY'S theory) were true, then the observed seasonal variation in metabolic type would imply a seasonal variation in the type of growth rate." As a matter of fact, precisely this has been found in our laboratory long ago (yon Brr, TAZ. A~-vr~ & MOLLrR 1943) . Seasonal variations of metabolic rate in snails have been described (Fig. 13a) . But correspondingly, atso the growth curve (exponential in this case because these snails belong to "Type II"), shows breaks and cycles (Fig. 13b) . Therefore this certainly is a problem deserving more detailed investigation; however, the data available are a hint toward confirmation rather than refutation of the theory. I would have been much surprised, indeed, suspicious if this first crude model would have provided a conclusive theory. Such things just do not happen, as is witnessed by many examples from history of science. M~ND~L'S laws were the beginnings of genetics but -with linkage, crossing-over, position effect and what not -it is only a minute part of genetic experience that is described by the classical laws. GALILEO'S law is the beginning of physics, but only highly idealized cases -such als bodies falling in vacuo -actually follow the simple law. It is a long way from BOHR's simple model of the hydrogen atom to present atomic physics, and so on. It would be fantastically improbable if this were different with a proposed modeI of growth. The most we can say about it is that it is ba&ed by a considerable amount of experimental evidence, has proved to have explanatory and predictive capacities, and offers clear-cut problems for further research.
It is obvious that the theory has been developed for a limited number of cases only, owing to the limited number of good data and the time-consuming nature both of observation and calculation of growth. HeMMI~OS~ (1960) has made this clear: "With n varying as much as the examples show, within any group with allegedly (or at least first allegedly) uniform growth type, it seems impossible to accept BERTA-LANFFY' S generalizations unless a statistically significant correlation between n and growth type caix be demonstrated on a much larger number of examples than the few ones which BEt~TAI, ANFFY has repeatedly published." I entirely agree with this criticism; many more data would be desirable, although one should not cavalierly bypass those offered in confirmation of the theory, even if they are some 20 years otd. I would amend HemalNGSEN's criticism by suggesting re-examination on a broader basis. This should include at least the following items: analysis of a large number of growth data, now made possible by electronic computers; concurrent determination of size-dependence of resting metabolism (constant a) in these cases; determinations of protein catabolism (constant x); determination, in related species, of the ratios between allomerry exponents of metabolic rates and the theoretically identical ratios of the anabolic constants (r/). These are ai1 interesting and somewhat neglected research problems; and if the model does no more than bring them to the fore, it has proved its usefulness.
Such investigation may bring additional confirmation of the model; it may lead to its modification and elaboration by taking into account additional factors; or it may lead to abandoning the model altogether and replacing it by a better one. If the latter should happen, I would in no way be disappointed. This is exactly what models are for -to serve as working hypotheses for further research.
What I have tried to show in the models discussed are general ways of analysis of quantitative data. I wanted to make clear both the usefulness and the limitations of such models. Any model should be investigated according to its merit with a view at the explanations and predictions it is able to provide. General criticism does not help, and the decision whether or not a model is suitable, exclusNely rests with facts of observation and experiment. On the other hand, no model should be taken as conclusive; at best it is an approximation to be progressively worked out and corrected. In close interaction between experiment and conceptualization, but not in confinement to experimentation or construction of purely speculative models, lies the further development of a field like quantitative biology of metabolism. and metabolic processes. It is of a wide applicability and expresses the harmonization of processes in living systems. However, there is no "surface-" or "8/4-power law" or "law of progressive reduction of metabolic rates". The allometric relationship greatly varies in physiological phenomena. 4. Variations of the relation between body size and metabolic rate may occur (a) in different tissues or in different species; (b) due to changes of physiological conditions; (c) due to different experimental designs. Among the conditions altering this relation are such factors as physiological activities, sex, season, previous acclimation, etc. 5. The size-dependence of total metabolism in mammals is different under basal conditions, in a non-thermoneutral environment, and under conditions of muscular activity. The variations follow LocKel~'s rule, i. e., with an absolute increase of metabolic rate (expressed by the constant b of the allometric equation), regression with respect to body size (expressed by the slope of the allometric line, a) tends to decrease. 6. The growth equations after B~i<TALANFFY represent a highly simplified model which, however, covers many phenolnena and regularities found in the physiology of metabolism and growth. The parameters occurring in these equations have been verified by physiological experiments in many cases. 7. In view of the changes of the size-metabolism relation mentioned under (5), BEe,-TALANFFY'S so-called "metabolic" and "growth types" should be considered as ideal cases realizable under certain standard conditions, rather than as invariable characteristics of the species or group of species concerned. 8. Seasonal variations of metabolic rates and growth rates seem to show correspondence. 9. Urgent problems for further research with respect to each of the basic models are outlined. Hier w~ire wohl zun~ichst auch der Vorschlag angebra&t, dat~ man sich bei der mathematischen Darstellung des Problems der Stoffwe&seIreduktion, also der Abh~ingigkeit des Stoffwe&sels bl x al + bz x as + b8 x aa ~: bx% that is, the sum of exponential terms is not a simple exponential term (cf. yon BERTALANFFY, 1960, I. c., p. 226 f.) . This leads to "summated tissue respiration". As LOCKER has correctly remarked, the studies in which summated tissue respiration was found to equate B.M.R. refer to adult organisms (rat: FI~LD, BELmNG & MARTIN 1939; mouse, dog: MARTIN & FUHRMAN 1955) . He has now investigated this aspect over the totaI range of weights (or course of growth). We have discussed this question in some detail, using estimates for the mature and young rat (yon B~RTALANrF:C & PIROZYNSKI 1953, p. 254) . It appeared that if summated tissue respiration approached B.M.R. in the adult rat, this was not the case in the small rat of a body weight of, say, 10 g. The questions posed by KROG~t~ refer to the relations of growth-in-time and relative growth. In the system of equations used by us, growth-in-time of a magnitude other than weight is calculated via the allometric function. This is a consequence of the theoretical model which underlies them, and simplifications used for mathematical convenience. The equation for linear growth is obtained via weight growth, using the relation w = const. × I ~. There is nothing sacred about this relation, and an exponent ½ 3 ("unproportional growth") could be introduced. However, this would make the mathematics rather messy and would hardly repay the effort, for it is empirically found that the weight exponent is not far from 3, even if -as, for example, in the female Guppychanges in form are considerable. A consequence of the fact that weight is not exactly = const. × l 3 is that the growth parameters ~ and ~ come out somewhat different, depending on whether they are calculated from observed t or w 1/~. However, the difference remains within the limits of experimental error (Fig. 12) . A similar result was obtained in calculations of growth in the rat (YON BERTALANr~X " 1938, p. 205) . I would like to mention that the whole system of growth equations can be derived deductively from oniy two hypothetical assumptions, namely, that (a) growth-promoting and growth-inhibiting factors can be summated in two over-all terms and that (b) their rate depends on body mass in the simplest possible way, namely, as a power function. From this, the whole family of growth equations and the empiricatIy observed differences of growth curves follow by mathematical considerations (Yon BERTALANFFY 1960, pp. 200--204) . Growth-in-time of organs can he derived from growth of the total organism by insertion of the respective allometric equations. In this way, rather interesting and empirically verifiable relations between both are obtained which explain the variety of curves found in the growth of organs. In conclusion: The model is based on considerations of growth of body mass ("weight"), and other growth curves are derived via allometries empirically observed or justified. However, in this way, the model comprises all these relationships as derivative cases, many interesting and hitherto unaccounted features being derivable, explainable and predictable.
LOCKER: In this connection I would like to refer to a recent paper by D. E. WOHLSCHLA~ (Ecol. 43, 589, 1962) , who was working with the antarctic fish Trematomus bernacchii, which lives at temperatures near 0 ° C. In this fish, females grow faster than males, although they have a lower rate of metaboIism. WOHLSCHLAG was able to explain this interesting resuIt by applying the B~RTAtAN+rv-equations in the modification that BEW~TON and HOLT have given. This fact speaks again in favour of the usefulness of the growth equations of BER'raLA>aFEY.
